In this article, we propose a new merit function based on sub-additive functions for solving a nonlinear complementarity problem (NCP). This leads to consider an optimization problem that is equivalent to the NCP. In the case of a concave NCP this optimization problem is a Difference of Convex (DC) program and we can therefore use DC Algorithm to locally solve it. We prove that in the case of a concave monotone NCP, it is sufficient to compute a stationary point of the optimization problem to obtain a solution of the complementarity problem. In the case of a general NCP, assuming that a DC decomposition of the complementarity problem is known, we propose a penalization technique to reformulate the optimization problem as a DC program and prove that local minima of this penalized problem are solutions of the NCP. Numerical results on linear complementarity problems and absolute value equations show that our method is promising.
Introduction
The non-linear complementarity problem (NCP) consists in finding x ∈ R n satisfying
where F : R n → R n . In the special case where F is an affine function, (1) is reduced to the linear complementarity problem (LCP). Unless explicitly specified no smoothness assumption on F is made unless continuity.
The NCP has been very popular due to its numerous applications in economy, physics, chemistry,... see the monographs [5, 7] and references therein. This problem is a feasibility and not an optimization problem. However, it is well-known that it is closely related with optimization problems. Indeed, optimality conditions of many optimization problems may be cast as an NCP.
The family of methods to solve this problem can be divided in two: equation reformulation methods and merit function methods. In the former, the complementarity problem (1) is reformulated as an unconstrained (non-smooth) equation solved by a Newton-kind method or an unconstrained minimization problem depending on the assumptions on F , see [3, 4, 6, 13, 14, 20] . In the latter, the complementarity is ensured through a merit function reformulating (1) as an optimization problem, see [8, 9, 11, 16 ]. An extensive treatment of these methods and their extensions can be found in [7] . In the sequel, we focus on the merit function approach that is the most tractable option if we do not make any strong assumption on the problem.
A generic formulation of a complementarity problem reformulated as an optimization problem is given by min
1 where Θ : R n → R is called a merit function if it satisfies the following property: x solves (1) if and only if x is the global minimizer of the previous problem. In this sense, we say that the optimization problem is equivalent to the complementarity problem. If the set of solutions of (1) is empty, then either the global optimal value of the objective function is positive or there is no global minima. It is to be noted that even so F (x) = M x + q the merit function, Θ, is not convex in general. Thus, it is fundamental to study the numerical methods used to solve the optimization problem (2) . Due to the non-convexity, solving means finding a local minimum or at least a stationary point of (2) .
Our aim in this article is to use the very efficient local theory designed for difference of convex (DC) functions by considering a new merit function that can be expressed as a sum of convex and concave functions. Local optimization approach for DC optimization and DC Algorithm (DCA) were introduced by Pham Dinh Tao in a preliminary form in the 80's [23] and extensively developed since then, see [21] for a review on this method. This approach has been widely used by many researchers, see a list of references on http://www.lita.univ-lorraine.fr/ lethi/index.php/dca.html. This work is motivated by the fact that DCA have been successfully applied to many (smooth or non-smooth) large-scale non-convex programs in various domains of applied sciences. In a recent article [16] , the authors present four formulations of the LCP as a DC optimization problem and show promising numerical results.
Motivated by the recent development of DC approaches to solve the complementarity problems, we propose a new merit function based on a family of smooth sub-additive functions that has been used in the literature in the context of sparse optimization [19] and absolute value equation [1] , whose latter can be reformulated as an LCP.
One of our main results considering this new merit function is that it is sufficient to consider stationary points of the related optimization problem instead of global minima to recover the solution of a monotone NCP. In particular, this proves that our approach is not more difficult than equation based approach in advantageous cases.
Besides, we prove that the optimization problem (2) with our new merit function is a DC program if F is concave. This property permits us to use the local theory to solve DC program and in particular DCA. In the case of the general NCP, assuming a DC composition of F is known, the optimization problem with our new merit function can be reformulated as a DC program through penalizations. We prove equivalence between local minimum of this penalized DC program and the solution of the NCP.
Numerical results on linear complementarity problems and absolute value equations show that the new method proposed here is promising compared to some existing methods in the literature.
In Section 2, we introduce the new merit function that is proved to be theoretically sound for the monotone NCP in Section 3. In Section 4, we show that this new formulation leads to a DC program that can be solved using DCA as explained in the Section 5. Finally, in Section 6, we give several numerical experiments to show the validity of our method compared to existing methods in the literature on linear and non-linear problems.
A New Merit Function for Complementarity Problems
In this section, we present a new reformulation of the complementarity problem by introducing a new merit function. Let us consider the merit function Θ :
where functions θ : R n + → [0, 1[ are non-decreasing concave continuously differentiable functions such that θ(0) = 0. Examples of these functions for r > 0 are:
For r sufficiently small, the functions θ approximate a step function. This observation already leads to interesting results in sparse optimization in [19] and applied in the context of complementarity problems in [1, 13] . We use the function Θ to reformulate the NCP as follows
The following lemma shows that the functions θ are sub-additive.
with equality if and only if
Proof. Since θ is concave, we obtain
with equality if t = 0 or 1 and if z = y. For y = 0 and θ(0) = 0 yields
with equality if t = 0, 1 or z = 0. Take i ∈ {1, ..., n}, z = x i , y = F i (x) and suppose that
,
with equality if and only if x i = 0 or F i (x) = 0.
It is now straightforward to conclude that finding a global minimum of (4) is equivalent to solving (1).
Proof. By Lemma 2.1, Θ is a sum of non-negative terms, therefore Θ is equal to 0 if and only if all terms are equal to zero. In addition, for a component i there is equality if and only if x i = 0 or F i (x) = 0.
Using (3) to define a sub-additive merit function, we consider the following optimization problem:
where X is a bounded convex subset of R n . A box is a typical choice of X . We denote F the feasible set of (P) defined as
It is to be noted that the feasible set of (P) could be non-convex, unless the function F is assumed concave.
The following result that is given without proof sums up the possible situations that may arise by solving (P) and their consequences to our initial aim that is solving (1).
Theorem 2.2. Assume that F : R n + → R n is a continuous function and that F is non-empty. Then, (P) attains its extrema and exactly one of the following cases arises:
• The global optimal value of (P) is zero and the corresponding point is a solution of (1);
• The global optimal value of (P) is positive and (1) has no solution.
In general, if no preliminary information is known to define X , we consider X = R n with the risk to compute an infimum instead of a minimum.
3 Sub-Additive Reformulation for the Monotone NCP
In this section, we prove that for a popular class of NCP finding a stationary point of (P) is actually sufficient to solve the initial problem. First, let us introduce the monotone NCP.
Monotone Complementarity Problems
We focus on the NCPs that are said monotone, i.e. F is P function (see definition below). We give classical definitions and characterization of this family of complementarity problems.
Definition 3.1. [7] The function F : R n → R n is said to be a P 0 function iff
If this inequality is strict, F is said to be a P -function.
Assuming differentiability of the function F this definition reduces to a condition on the jacobian matrix. We extend the definition of a P 0 (resp. P ) function to a P 0 (resp. P ) matrix.
n×n is said to be a:
• P 0 matrix if all of its principal minors are nonnegative;
• P matrix if all of its principal minors are positive;
• positive semidefinite if M is symmetric and x T M x ≥ 0 for all x ∈ R n , and positive definite if x T M x > 0 for all x ∈ R n (x = 0).
A P matrix is a generalization of a positive definite matrix, while a P 0 matrix is a generalization of a positive semi-definite matrix. In the case of a smooth function F , then Proposition 3.5.10 of [7] gives the following characterization. Proposition 3.1. For a continuously differentiable function F , if its transpose jacobian ∇F (x) T is a P matrix then F is a P function, whereas the transpose jacobian ∇F (x)
T is a P 0 -matrix if and only if F is a P 0 function.
The monotone NCPs are particularly useful since they provide a characterization of the set of solutions of the NCP. The following proposition is a sum up of results given in [7] . Proposition 3.2. If F is a P function, then (1) has at most one solution.
Among other interesting properties, we show in Lemma 3.1 that some regularity may be obtained for the set F for this family of NCPs.
Sufficient Optimality Condition for the Montone NCP
We assume here that the function F is a continuously differentiable function. A classical approach in nonlinear programming is to study stationary points of (P) using the classical Karush-Kuhn-Tucker conditions. Let x * ∈ F (X = R n ) be a stationary point of (P) if there exists (λ,
It holds from non-linear programming theory that a local minimum of (P) that satisfies a constraint qualification is a stationary point of (P). Let us now give two examples of classical constraint qualifications. Beforehand, we use the following notations:
Definition 3.3. We say that x * ∈ F satisfies
• Linear Independence CQ (LICQ) if the gradients
are linearly independent.
• Mangasarian-Fromowitz CQ (MFCQ) if the only solution to the equation
with for all i ∈ {1, . . . , n} min(λ i , F i (x * )) = 0 and min(µ i , x * i ) = 0, is the trivial solution. We say in this case that the gradients
are positively linearly independent.
In the special case of a monotone NCP, the following lemma shows that some constraint qualification holds for the set F.
Lemma 3.1. Let F be a continuously differentiable function from R n to R n . Assume that F is a P function. Then, MFCQ holds at any point x * ∈ F. Furthermore, if x * satisfies x * + F (x * ) > 0, then LICQ holds at any point x * ∈ F.
The assumption that x * + F (x * ) > 0 is also well-known in the literature of complementarity problems under the name of strict complementarity.
By definition, MFCQ holds at a point x * if the gradients of the active constraints are positively-linearly independent and LICQ holds at a point x * if the gradients of the constraints are linearly independent.
Proof. First, let us prove that given
where (5) is a combination of n gradients. We arrange the components of x and F (x) such that x i F i (x) = 0 for i = 1, . . . , m and x i > 0, F i (x) > 0 for i = m + 1, . . . , n, so we can rewrite (5) as
By continuity of F it holds that the jacobian matrix of F is a P matrix by Proposition 3.1 and in particular all its principal minor are non-singular matrices. Computing the Schur complement on the left-hand side it holds that the matrix is non-singular, therefore µ J = λ I = 0. So, LICQ holds at x * . Consider the case where there exists an index i such that x * i + F i (x * ) = 0. Obviously (5) may be a combination of at least n + 1 gradients and so, LICQ cannot hold. However, we prove that MFCQ holds at
+ . We can rewrite (5) as
The left-hand side is obviously non-singular since ∇F I+SC×I+SC (x * ) T is non-singular. So, it follows that µ J\SC = µ SC + λ SC = λ I\SC = 0, which leads to µ J = λ I = 0 by non-negativity of µ and λ. Thus, the gradients
are positively linearly independent and the result follows.
The previous lemma guarantees that any local minimum of (P) is a stationary point. The following theorem proves that computing a stationary point of (P) may be sufficient to solve (1).
Theorem 3.1. Let F be a continuously differentiable P function. Assume that a solution of (1) exists. Then, any KKT point of (P) that satisfies the strict complementarity condition, is a solution of (1).
Proof. Through the proof, we denote θ (x) for x ∈ R n , the vector of componentwise derivatives of θ, i.e.
Let x ∈ F be a stationary point of (P). Thus, there exists λ, µ ∈ R
We show the result by contradiction. Assume that x is not a solution of the NCP, then there exists a set of indices J non-empty such that for all i ∈ J it holds that x i > 0 and
. By the strict complementarity assumption, it always holds that I 1 ∪ J ∪ I 2 = {1, . . . , n}.
Rewriting the previous equation yields
The equation on
Existence of the inverse of the matrix ∇F I2×I2 (x) T is given by the jacobian matrix of F being a P matrix. The equation on J and replacing λ I2 yields
T correspond of the Schur complement of the matrix ∇F T I2+J×I2+J , whose determinant is positive by the P function assumption. Since the determinant of ∇F I2×I2 (x)
T is also positive, it holds that the Schur complement is also a P matrix. It follows that
is positive componentwise. Furthermore by concavity of θ it holds that θ (
) is also positive. Thus, the last equation cannot hold. This is a contradiction with the existence of the set J. So, the result follows.
We present here a counter-example to show that we cannot reduce the P function assumption to P 0 function.
M is a P 0 matrix. The point x * = (1, 1) T is clearly not a solution of the NCP, since F (x) = M x+q = (0, 2) T . However it is a stationary point of (P) with
Following the notations in the previous proof, we have I 1 = ∅, J = 2 and I 2 = 1. The equation on I 2 gives
which holds true by definition of λ.
We now present another example, where the matrix is not a P matrix but a symmetric negative definite.
In this case, we have
Computing the gradient of the objective function equal to zero yields
The point x * = (1, 1) T satisfies ∇Θ(x * , F (x * )) = 0 and therefore is a stationary point of (P). However, this point is not a solution of (1) .
An open question to this fundamental result is the possibility to remove the strict complementarity assumption. We left this question to future research.
A DC Formulation of the Sub-Additive Merit Function for the NCP
A function f is called a DC (difference of convex) function if it can be expressed as a difference of convex functions g : R n → R and h : R n → R such that
The definition remains true if g and h are concave functions. A so-called DC program is that of minimizing a DC function over a convex set. A DC function has infinitely many decomposition g,h but the numerical resolution may be sensitive to this choice. We split this section in two parts. First, we consider the formulation (P) in the case where F is a concave function. Second, we focus on the general case where we only assume that a DC decomposition of the function F is known.
The Concave NCP
In this section, we show that if F is a concave function the sub-additive function (3) is a DC function and the optimization problem (P) is a DC program. First, let us prove a simple lemma that shows that the composition of concave functions does not alter the concavity. Lemma 4.1. Let f be a concave function on R n , and let φ be a concave function on R n , which is nondecreasing. Then, h(x) = φ(f (x)) is a concave function.
Proof. For x and y in R n and 0 < λ < 1, we have
Applying φ to both sides of the inequality, we get
By concavity of the function φ it follows
Thus, h is concave.
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We now prove that the objective function of (P) is a DC function.
Theorem 4.1. Let F be a concave function on R n + . Then, (P) is a DC program.
Proof. It is clear by concavity hypothesis on F that the set of constraints of (P) is a convex set. Now, let us verify that the function Θ(x, F (x)) is a DC function with
Since F is a concave function and θ is a non-decreasing concave function we can apply Lemma 4.1 to conclude that g and h are both convex.
It is to be noted that the hypothesis to take F concave is not so restrictive, since it includes the large family of LCPs.
The General NCP
In the special case where a DC decomposition of the function F is known we can reformulate (P) as a DC program. Given two convex functions g, h : R n → R such that
We can reformulate (P) as
Using the fact that a DC decomposition of F is known the previous problem becomes
Even so we use a DC decomposition of F and the objective function is a DC function, the set of constraints in the previous formulation remains non-convex. To tackle this problem, we try to remove the non-convexity in the constraints using slack variables and then penalizing the remaining non-convex constraints. Therefore, we consider the following penalized problem
where
The link between the initial problem (P) and the penalized problem (P en τ ) will be studied in Theorem 4.3 and 4.4. First, it is straightforward to see that the penalized problem is a DC program.
Theorem 4.2. Given convex functions g, h : R n → R n . Then, (P en τ ) is a DC program.
Proof. We already shown in Theorem 4.1 that the function Θ(x, F (x)) is a DC function if F is a concave function. However, it is to be noted here that we consider Θ(x, y), which is therefore a DC function. Besides by convexity of the functions g and h it follows that the penalty terms in the objective function are concave. Thus, the objective function of (P en τ ) is a DC function.
A similar argument gives that the constraints of (P en τ ) are convex constraints. This completes the proof.
We now investigate the link between the penalized DC program (P en τ ) and the original problem (P).
Lemma 4.2. Assume that F is non-empty. Let (x τ , y τ , t τ ) be a solution of (P en τ ) andx be a feasible point of (P), i.e.x ∈ F. Then, for all non-negative τ it holds that F (x) ).
Proof. Sincex ∈ F, it holds that (x, F (x), g(x)) is a feasible point for (P en τ ). Thus, by definition of the triple (x τ , y τ , t τ ) we have
and since
The non-negativity of the left hand-side is a consequence of Lemma 2.1 and that (x τ , y τ , t τ ) is feasible for (P en τ ). This completes the proof.
A direct consequence of this lemma is equivalence of global minimum between the penalized DC program (P en τ ) and the original problem (P). * is a global solution of (P) if and only if x * is a global solution of (P en τ ).
Proof. Let x * be a solution of (P). Such solution exists, since we assume that (1) has at least one bounded solution. Then, the triple (x * , F (x * ), g(x * )) is feasible for (P en τ ) and satisfies
by Theorem 2.1. This proves one side of the equivalence. Now, let x τ be a global solution (P en τ ). Then, by Lemma 4.2 we have
for allx ∈ F. In particular, considerx to be a solution of (1), thenx ∈ F and by Theorem 2.1 we get
Noticing that the right hand-side is a sum of positive terms yields 0 = Θ(x τ , y τ ),y τ = F (x τ ) and t τ = g(x τ ). By Theorem 2.1 it follows that x τ is a solution of (1) and also a solution of (P). This completes the proof.
We now focus on local minima of the penalized formulation. We notice, as proved in the following lemma, that the function Φ is non-increasing with respect to the second variable. Lemma 4.3. Let τ > θ (0) and x ≥ 0. Then, the function y ∈ R → θ(y) − θ(x + y) + τ y is a non-increasing function.
Proof. Computing the derivative with respect to y of the function y ∈ R + → θ(y) − θ(x + y) + τ y gives
However, this expression is negative since the functions θ are non-increasing and by concavity θ (y) ≤ θ (0) < τ .
The following result considers the case of local optimality and shows that computing a local minimum of the penalized formulation is sufficient to find a local minimum of the initial formulation.
Theorem 4.4. Let τ > θ (0). Any local minimum of (P en τ ) is a local minimum of (P).
Proof. Let (x τ , y τ , t τ ) be a local minimum of (P en τ ), i.e. there exists δ > 0 such that for all (x, y, t) in the ball of radius δ centered in (x τ , y τ , t τ ), denoted B δ (x τ , y τ , t τ ), it holds that Ψ(x τ , y τ , t τ ) ≤ Ψ(x, y, t).
By construction, it is clear that any feasible point of the problem (P en τ ) is also feasible for the problem (P). Thus, it follows that if (x τ , y τ , t τ ) satisfies
then it is also a local minimum of (P).
Assume by contradiction that expression in (6) is wrong. In other words, there exists sets T t ⊂ {1, . . . , n} and T y ⊂ {1, . . . , n} such that for all i ∈ T t and all j ∈ T y we have t τ,i > g i (x τ ) and y τ,j < t τ,j − h j (x τ ).
Let us consider a point (x τ ,ȳ,t) such that
whereδ is chosen such that (7) still holds at (x τ ,ȳ,t). Obviously, this new point satisfies (x τ ,ȳ,t) ∈ B δ (x τ , y τ , t τ ) and so the local optimality of (x τ , y τ , t τ ) yields
This, however, leads to a contradiction since τ, δ > 0 and that for all j ∈ T j θ(y τ,j ) − θ(ȳ j ) − θ(x τ,j + y τ,j ) + θ(x τ,j +ȳ j ) + τ (ȳ j − y τ,j ) > 0, since the function y → θ(y) − θ(x + y) + τ y is non-increasing for all x, y ≥ 0 and τ > θ (0) by Lemma 4.3. It follows that T t = ∅ and T y = ∅. Thus, (x τ , y τ , t τ ) satisfies (6) and so it is a local minimum of (P).
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In this section, we introduce some fundamental properties of a DC program and an algorithm to tackle this problem so-called DC Algorithm (DCA). For a complete study on this subject, the readers are referred to [2, 21, 22] and references herein.
DC Algorithm
Given two proper lower semi-continuous convex functionsḡ, h, a DC program consists in finding x ∈ R n such that inf
In general this unconstrained formulation encompasses convex constraints by considering g(x) = g 0 (x) + X C (x), where g 0 is a proper lower semi-continuous convex function, C a closed convex set and X C (x) is the convex indicator function X C (x) = {0 if x ∈ C, +∞ if x / ∈ C}. Recall that for a lower semi-continuous convex function ψ on R n andx ∈ dom(ψ) := {x | ψ(x) < ∞}, the subdifferential of ψ atx is given by
In the special case, where ψ is differentiable function, the subdifferential is reduced to a singleton and ∂ψ(x) = ∇ψ(x). As an example the subdifferential of the convex indicator function for x ∈ C is given as
The notation N C (x) stands for the normal cone of the set C at x. The necessary local optimality condition for a DC program is
We say that x * satisfies the generalized Kuhn-Tucker condition, if it satisfies
We also call such a point a critical point. DCA is an algorithm that is based on a primal-dual formulation of (8) . Let the conjugate function of g be defined as g * (y) := sup
Then, the dual of (8) is defined as inf
There is no duality gap as proven in [2] . Furthermore, the following result from [2, 21, 22] gives a characterization of the solutions of both problems. Let P dc (resp. D dc ) denotes the set of solutions of the primal DC program (8) (resp. the dual DC program (9)) Proposition 5.1. Given g, h two proper lower semi-continuous convex functions. It holds true that
Based on local optimality conditions and duality in DCA, the idea of DCA is quite simple: each iteration k of DCA approximates the concave part −h by its affine majorization (that corresponds to taking y k ∈ ∂h(x k )) and minimizes the resulting convex function (that is equivalent to compute x k+1 ∈ ∂g * (y k )). The algorithm is stated explicitly in Algorithm 1.
Convergence properties and its theoretical basis has been analyzed in [2, 21, 22] . We remind here the fundamental facts. DCA is a descent method without line search, thus the sequence {g(x k ) − h(x k )} is a decreasing sequence. So, if the optimal value of (8) is finite, then the sequence {x
k is a critical point of g − h and the algorithm terminates at iteration k.
Based on the results from Section 4.1 and Section 4.2, DCA can be used to solve the concave NCP and the general NCP.
DCA for the Concave NCP
We now make the link between DCA and Theorem 3.1. We remind that this theorem proves that a stationary point of (P) with F a concave differentiable P function is the solution of the NCP assuming such a solution exists. The following sequence of results states that under classical assumptions DCA converges to a stationary point of (P).
Lemma 5.1. Let x * be a critical point of (8), where we assume thatḡ(x) = g(x) + ξ C with g, h are differentiable lower semi-continuous convex functions and C is a closed convex set. It holds true that
where N is the normal cone of C at x * .
Proof. x * is assumed to be a critical point of (8), i.e.
Now, by construction ofḡ we have
The result follows by the differentiability assumption on g and h.
Lemma 5.2. Let x * be a critical point of (8), where we assume thatḡ(x) = g(x) + ξ C with g, h are differentiable lower semi-continuous convex functions and C is a closed convex set. Furthermore, assume that
Then, x * is stationary point of (P).
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The cone L • (x * ) is sometimes called the polar cone of the linearized cone in the literature related to Karush-Kuhn Tucker conditions, while the condition (10) refers to the Guignard constraint qualification that is known to be the weakest constraint qualification in non-linear programming.
Proof. In Theorem 3.1, we define a stationary point of (P) as a pointx such that there exists Lagrange multipliers (λ, µ) ∈ R n×n that satisfies
This can be equivalently written as
Now, using assumption (10) we get
However, this condition is satisfied by any critical point x * according to Lemma 5.1.
We can now conclude by the following strong result for DC Algorithm applied to P, which has been shown to be a DC program in Theorem 4.1.
Theorem 5.1. Let F be a continuously differentiable concave P -function. Assume that a solution of (1) exists. Let {x k } be a sequence generated by Algorithm 1 on P. Then, any limit point, up to a subsequence, of {x k } that satisfies the strict complementarity condition is a solution of (1).
Proof. Assuming that F is a P function and that there exists a solution to (1) yields that this solution is unique. Thus, P attains its minimum, whose optimal value is 0. The optimal value is bounded and the sequence {g(x k ) − h(x k )} is a decreasing sequence, so Algorithm 1 converges to a critical point. Applying Lemma 5.2, we get that the limit point is also a stationary point of P. Indeed, we have proved in Lemma 3.1 that some constraint qualification holds at any feasible point of the problem, which is known to imply (10) .
The result follows by applying Theorem 3.1.
Numerics
Through this article, we studied two DC approaches to tackle the NCP. In this section, we present three different experiments applying DCA on the DC formulations that have been introduced in the previous sections, equation (P) for the concave NCP and the penalized formulation (P en τ ) for the general NCP. First, we present a comparison on a list of LCP problems with other DC approaches that have been suggested recently in [16] . Then, we study an adaptation of our approach to the absolute value equation and present a comparison of existing methods as in [1] . These two families of problems belong to the class of concave NCPs. Finally, we give an example of the penalization technique from Section 4.2 on a non-concave NCP.
The algorithms are coded in Matlab 2014b on a standard laptop. The convex sub-problems of DCA, Algorithm 1, are solved using CVX [12] .
Comparisons of DC Methods for LCP
We compare our method denoted TDC with other DC approaches developed in [16] denoted as in the paper DCA1, DCA2, DCA3 and DCA4 with respective initial points x = 0 for DCA1 and DCA2, and x = (0, b) for DCA3 and DCA4. DCA1 and DCA4 are iterative methods with quadratic convex sub-problems that we solve using CVX. DCA2 is an iterative method with linear sub-problems that we solve using linprog. DCA3 is an iterative method with standard operations. The initial point for TDC is set here at x = 0. We use the function θ 1 = t/(t + 1) to define the merit function in TDC. We run our comparison on a set of 25 problems that are described in Appendix A. This set includes the original problems presented in [16] and some given in [10] . Instances LCP10 to LCP14 are studied for dimensions 300, 500 and 1000. The precision is set as = 10 −5 . The comparative results are given in Table 1 and Table 2 . We are interested in the following aspects: the residuals, computed as max(x T (M x + q), min(x, 0) ∞ , min(M x + q, 0) ∞ ), the number of iterations and the time. No attempt has been made to optimize the performance of the algorithm, since our aim is to validate our approach and run a preliminary comparison with other methods. Thus, our main concern is focus on the residuals and in particular on the number of solved problems. Table 1 shows that the method TDC is the only one to solve all the problems. DCA1 and DCA4 only fail on respectively 2 (LCP2, LCP3) and 5 problems (LCP6,LCP8, LCP14), and LCP6 is almost solved using DCA4. These experiments already confirm the validity of our approach.
In Table 2 , we expect DCA1 and DCA4 to be faster than TDC, since they only solved convex quadratic sub-problems compared to convex problems. This is confirmed by the results. However, for a large part of the problems, TDC remains in the same order of time as the other methods. For 4 instances (LCP6 and the three LCP10), TDC spend significantly less time than DCA4.
Besides, it is interesting to note that for most of the instances (22/25), TDC requires only one iteration. The three remaining problems seem to be difficult, since it is LCP2 and LCP3, the two failures of DCA1, and LCP6, which is only approximately solved by DCA4 with 24 iterations. All in all, these preliminary results are very encouraging. Further research should explore optimization of the performance and consider instances with very large dimension.
Application to Absolute Value Equation and Comparison
In [1] , the authors propose a smoothing technique based on a complementarity reformulation of the absolute value equation, defined as
with A ∈ R n×n and b ∈ R n . In particular, their motivation was to solve the absolute value equation without any assumption on the data except existence of at least one solution. This is the same motivation as in this article. Using the same technique as in [1] , (11) can be cast as the following complementarity problem
Now, applying the technique proposed in this article yields to consider the following sub-additive regularized formulation min
Then, we can solve (11) using DC approach discussed earlier on the problem (13) .
The following heuristic mentioned in [1] can be rather useful to accelerate convergence and assure a good precision when we are close to the solution. After finding the current point x k we solve if possible the linear system
If x solves (11), then we solved (11) with the same precision as we solved the linear system. However, if x does not solve (11), we continue the iteration in r with x k . This idea is similar to compute a Newton iteration.
We generate for several n and several values of the parameters one hundred instances of the problem following [17] :
"Choose a random A from a uniform distribution on [−10, 10], then choose a random x from a uniform distribution on [−1, 1] and set b = Ax − |x|."
The difficulty here relies on the fact that the problem may not be uniquely solvable and thus quite hard to solve. The precision is set as 10 −6 . We compare 4 methods tailored for general absolute value equations:
• TDC-AVE, which is the DCA on (13) with θ(t) = t/(t + 0.1);
• TAVE method from [1] ;
• concave minimization method CMM from [17] ;
• successive linear programming method LPM from [18] .
The initial point used for TDC-AVE is obtained by solving the following linear program:
This initial point was already proposed in [1] . Due to the potential difficulty of the equation, we focus on the number of unsolved problems. We do not include any Newton-kind method in our comparison, since they are not applicable without additional assumptions on A. Comparison on the number of iterations and time in seconds for 100 hundred randomly generated AVE of size n. Table 3 shows the number of unsolved problems among 100 problems for each value of n. Table 4 presents the number of iterations and the time required for each method to solve the 100 problems for each value of n.
Overall, these results confirm the validity of our algorithm, since TDC-AVE solves most of the problems in each case (1 failure over 600 instances) and improves significantly the existing methods.
For now, the obvious drawback of this approach is that it is more computationally difficult, since we solve at each step a convex program instead of a linear program. However, it is to be noted that when the dimension grows the gap is reduced. Although, it was not our main goal in this article and we left this for further research.
A Numerical Example of DC Penalization on a General NCP
In this section, we use the theoretical analysis derived in Section 4.2 to solve the NCP. Let F : R n → R n . We proposed in Theorem 4.2 a DC program, which can be interpreted as a penalization of the formulation of the NCP using the sub-additive merit function, (P). The technique used here is to apply DC Algorithm presented in the previous section to the problem (P en τ ). This approach is only a heuristic, although Theorem 3.1 and Theorem 4.4 tend to give the intuition that it should be a good one.
In order to validate our approach, we report the results of this approach applied to an example from [10] and initially proposed in [15] , which consider the NCP with Note that all the components of F are convex functions, and so a trivial DC decomposition of F is given by F (x) = g(x) − h(x), with g(x) = F (x) and h(x) = 0.
We choose five random initial points x 0 from a uniform distribution on [−1, 1], we take τ 0 = τ 1 = 1/(r + 1), r = 0.1 and the precision = 1e − 5. Results are given in Table 5 , where we reported the complementarity (x T F (x)), the solution obtained (sol), the smallest component of F at the solution, the number of iterations (nb-iter), the distance between y and F (x) and the distance between t and g(x).
In these five tests, we have a convergence to one of the two solutions x * andx of the problem. It is interesting to notice that as expected by the theoretical study, when the problem is solved t = g(x) and y = F (x). The results obtained validate the theoretical part and confirm our approach. Table 5 : Sub-additive DC penalization approach to solve the general NCP for five initial points.
Conclusion
In this paper, we have proposed a new formulation based on sub-additive merit functions for solving nonlinear complementarity problems. We have proved that the reformulated problem is DC program, whenever F is a concave or a DC decomposition of F is known. Thus, we can use the local algorithm DCA to solve the problem. We also proved that in order to solve the monotone concave NCP, it is sufficient to computing a stationary point of the problem. Besides, in the general case, without any assumption on F except that a DC decomposition is known, we propose a penalization formulation, whose local minima are solutions of the NCP.
Numerical experiments on several LCP problems and a comparison with other DC approaches prove the efficiency of our method. We have presented an application of absolute value equation and shows that our method proposed is promising. Finally, we also give some numerical results for an example when F is non-linear to validate our penalization approach.
